J. Fluid Mech. (1972), vol. 54, part 3, pp. 507-520 . 507

Printed in Great Britain

Nonlinear energy transfer in gravity—capillary
wave spectra, with applications

By G. R. VALENZUELA AND M. B. LAING
Naval Research Laboratory, Washington, D.C.

{Received 7 February 1972)

The energy flux in gravity—capillary wave spectra has been obtained using Has-
selmann’s (1962) perturbation analysis for a homogeneous Gaussian sea. As
expected, resonant interactions now appear at second order, and a third-order
perturbation analysis shows that energy is redistributed from waves with inter-
mediate wavelengths (in the neighbourhood of 1-7 cm) toward gravity and capil-
lary waves. Numerical computations are also obtained for the energy flux and
the interaction time of a sharply peaked spectrum consisting of wavenumbers
concentrated around a single wavenumber, superposed on a smooth background
spectrum. The range of validity of the inviscid results is discussed.

1. Introduction

The resonant nonlinear interactions of surface gravity waves are weak,
of third order, and their dynamics for discrete interactions have been investigated
by Phillips (1960), Longuet-Higgins (1962) and Benney (1962). The energy transfer
in gravity wave spectra has been found to be of fourth order by Hasselmann
(1962, 19634, b), using a fifth-order perturbation analysis, and the energy of the
waves is redistributed from the waves with intermediate wavenumbers to gravity
waves of lower and higher wavenumbers.

For gravity—capillary waves the dispersion relation w = w(k) connecting the
radian frequency @ and the wavenumber k& becomes concave for wavenumbers
for which surface tension becomes important and this allows resonant interactions
among gravity—capillary waves at second order. Energy is exchanged among a
triad of waves; for discrete interactions the dynamics have been investigated in
detail by McGoldrick (1965, 1970) and Simmons (1969). The general form of the
transfer expression for triad interactions in case of a continuum of waves is well
known from solid-state and plasma physics and is given by Hasselmann (1966,
1968).

Wave tank measurements of slope spectra by Cox (1958) and by Wright &
Keller (1971), and open-seas height spectral measurements by Valenzuela,
Laing & Daley (1971) show a ‘dip’ in the spectrum (a marked reduction of ampli-
tude) for wavelengths in the neighbourhood of 1-7cm for wind speeds smaller
than 6-7m/s. To discover whether this ‘dip’ in the spectrum for 1-7 em waves
is the result of the dynamics of the nonlinear wave—wave resonant interactions
we have applied Hasselmann’s (1962) inviscid formulation to obtain the energy
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flux in gravity—capillary wave spectra; now, of course, we must include surface
tension.

In this formulation we preserve the assumption that the linear approximation
for the sea surface is homogeneous, stationary and Gaussian. Now the resonant
interactions are stronger, of second order, and they should be most important
in the overall energy balance of the wind-sea interaction. The effect of viscosity,
as will be discussed later, will restrict the validity of the inviscid results to wave-
lengths in the neighbourhood of 17 cm.

If we consider the form of the energy-transfer expression for gravity—capillary
waves of small slopes, further insight should be gained into the growth of the
spectrum in its initial stages. For example, McGoldrick (1965) found that for
discrete wave interactions typical interaction times for 1-2 cm wavelengths are
smaller than the wind growth rates. Thus, wave—wave interactions should play
an important role in the development of the spectrum after its initial generation
by Phillips’ (1957) resonance mechanism.

2. Perturbation analysis

The analysis used in this formulation is similar to that given by Hasselmann
(1962) and the notation used will be that of his paper. The analysis applies to
irrotational motion of a horizontally unbounded fluid of infinite depth (z = — o)
with a free surface at z = { (z, y; 1), where x, y and z denote Cartesian co-ordinates,
with z, y in the horizontal plane, and ¢ is time. The velocity potential ¢(z, y, 2; ¢)
and the surface deviation { satisfy the following well-known differential equations
which now include surface tension:

Vig=0 for z<¢, (2.1)
%_g_fmg,w:o at z={¢, (2.2)
?a-"f+g§+%(v¢)z_%{VNVQVQV;;:'V’;}=o at z=¢  (23)

o

' o @ & 0 0 8\2  (8L\?
wee V= (Zg) V- (maa) V-GG
p is the water density, 7" is the surface tension and g is gravity; ¢ and ¢ satisfy
given initial conditions for ¢ = 0.

Here, we shall not describe the perturbation analysis in detail and we merely
point out some of the important steps and some of the differences between this
analysis and that given by Hasselmann (1962). The boundary conditions (2.2)
and (2.3) are, as usual, expanded in a Taylor series about z = 0, and the velocity
potential ¢ and the surface deviation { are expanded in a series:

= 10+,0+30+... (2.4)

and =18+ 8+8+.... (2.5)
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Since the wave field is taken to be a homogeneous and Gaussian random
function, at every order ¢ and ¢ can be approximated by Fourier sums:

n¢ = Ek n¢k(t) ekegik.x (2.6)

and 28 =3 . Zu(t) e®-%, (2.7
X

where k = |k| and x = (z,y). The complex random Fourier coefficients in (2.6)
and (2.7) are independent for each wavenumber and since ¢ and ¢ are real
quantities it follows that ,¢, = (,¢_4)* and ,Z; = (,Z_y)*, where the asterisk
denotes the complex conjugate.

Substituting (2.4)—(2.7) into the boundary condition expansions about z = 0
and collecting terms of the same order, to first order we obtain the familiar dif-
ferential equations

2
(5 0t) st = 0 (28)

and (9+Tk?) (Zy(8) + 0Pk (t)]0 = O. (2.9)
The solutions of (2.8) and (2.9) are well known and are
19x(8) = 1O e+, O e, (2.10)
1Zy(t) = 12y emd 4 Zy e, (2.11)
with ZF = [ +iw/(g+ Tk*)], D and 0} = gk+ Tk3, the dispersion relation for
gravity—capillary waves, and T' = T"[p. The signs in ;®f and ,Z; indicate the
direction of propagation of a wave of wavenumber k.

The second-order velocity potential satisfies the inhomogeneous harmonie
differential equation

o2 ' ,
(a_t5+w§) b= N D1 0f Qe remten, (2.12)
k+k.=k
51,82

where s, 8, = + , the summation is over k, s; and s,, and

) k k
D = §{(‘1)1+‘”2) (ke —K; . Ky) + 0, 0g(0; + wy) (g+71’k§+g+;’k§)

B4k . K,) | w,(k3+k,. kz)]}
g+Tk} g+ Tk ’

~ g+ i) | 24

in which we have used the abbreviation w, = s;w; and w, = 8,0y,

The dispersion relation for gravity—capillary waves, w§ = gk + Tk, is concave
toward the capillary region, allowing the possibility of resonant excitations of
(2.12), that is wf = (s;0g +8,0y,)? and k, +k, = k; can be satisfied simultane-
ously; see McGoldrick (1965). Thus non-steady harmonic solutions (with ampli-
tude increasing with time) appear at second order for gravity—capillary waves,
whereas for gravity waves they appear at third order, see Hasselmann (1962).
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At third order, the velocity potential for gravity—capillary waves satisfies a
more complicated inhomogeneous harmonic differential equation. The excita-
tion now is partly composed of already non-steady harmonic solutions:

02
(Ga+ot)oe=_ 5 Dhtits O8O

* 31:2311 353
X S (W i, — S2Wx, — S3Wy,; 1) €1 9n’ + non-contributing terms,
(2.13)
where Dipip s = 2Dpiates Dz and J(w, w'; t) is the solution of
PYldit+ oy = et with Yy =dy/dt=0 at t=0.

3. The energy transfer

For gravity—capillary waves the average energy per unit area of the sea is
given by

B=tp[" (Vrde+ ol T+ ICT0I-1) (1)

where the overbar indicates an ensemble average.

Expanding (3.1) in a Taylor series about z = 0 for a homogeneous sea, sub-
stituting the expansions (2.4) and (2.5) for ¢ and { and collecting terms of equal
order we find that the mean energy per unit area of the sea is given by the per-
turbation series

E=E+,E+ F+E+cE+..., (3.2)

in which the odd terms vanish for a Gaussian sea and the first two even terms are
given by

I = 1p (1¢ f’—gz?) +3pg AT (VL V10) = flfﬁ’(k)dk (3.3)
and & =3p (2¢ %‘Z‘S) +3p (1¢ %) +3p (3¢ %qu)

+1pgal+pg E+ 3T (VoL V0 +T'(V,8.¥50),  (3.4)

where dk = dk,dk, and F(k) is the two-dimensional energy spectrum for wave
components travelling in the positive k direction and for a homogeneous, station-
ary Gaussian process completely determines the surface in the linear approxima-
tion.

The problem then reduces to finding the time-dependent covariance products
which for gravity—capillary waves appear to order ,&; for gravity waves they
did not appear until the higher order ¢£. The time-dependent covariance products
contributing to ,# can be found using (2.12) and (2.13) with the asymptotic
formulae given in Hasselmann (1962). Since the procedure followed is quite
similar to that given by Hasselmann, here we shall only point out that the
time-dependent terms contributing to ,£ increase linearly with time and are
expressible in terms of #(k), the two-dimensional energy spectrum for the linear
approximation to the sea.
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After performing the lengthy algebra, keeping in mind that we only include
time-dependent terms of order up to ,E, we obtain the following expression for
the energy transfer in gravity—capillary wave spectra, which has been made to
satisfy the laws of conservation of energy and momentum:

oF (kj) D4
G = s [ [ VEBL o, ) )= 01, P )0, 70 Pl
“D k1, —kzlz
T kyky
X {wk,F(kl) Fk,)— Wk, Fky) F(k,) +wk1F(k3) F(ky)}
X 6\(wks—ﬂ)kz+(l)kl) dkzldkyl, (3.5)
where ¢ is the Dirac delta function. The first integral in (3.5) is the contribu-

tion by sum resonant interaction, k, + k, = Kk, and the second integral is the con-
tribution from difference resonant interactions, k, — k, = k; and k, -k, = k.

e ony oy ) e 4"

4. Interpretation and results

As expected, the transfer of energy in gravity—capillary wave spectra is among
a triad of waves, energy being transferred from two active components to a third
passive component. Two types of interactions participate, sum resonant interac-
tions, which satisfy k, + k, = k; and oy + &y, = 0y, simultaneously, and differ-
ence resonant interactions, which satisfy k,—k; =Kk; and oy —wy, = 0y
simultaneously.

A more quantitative investigation of the energy transfer is obtained by
evaluating (3.5) for a polar two-dimensional spectrum S(k, &), which is related to

the energy spectrum by S(k, o) = F(K)[2p02. (4.1)

We put S(k, «) = S(k) () with S(k) = 0-01 k~texp { — Ck,,(k}, where k,, = (g/T')*
and C is a constant. Various spreading factors S(a) are used and have been nor-
malized in the half plane.

On account of the & functions, the energy transfer is a line integral in which
the path of integration is found from the resonant interaction condition

Ot oy =0y, Ktk =k (4.2)

where the upper signs apply for sum resonant interactions and the lower signs
apply for difference interactions.

Denoting the angle between k, and k; by g, the following cubic equation is
obtained from (4.2):

_ [2 + 3(x3 + «2)] [3(x2+k2) + 4(k3+«3)+ 1]
3 g ple T\t R3]
cos® f T cos? 2, kg +cosf e
Lo+ a1+ kD T 2yl +aD) (L kDI (e (LH i+
8ki k3 Bid«d ’
(4.3)

where the upper signs again apply for sum resonant interactions and the lower
signs apply for difference resonant interactions, k; = k,/k,, and k3 = k/k,,.
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The solution of (4.3) was given in graphical form for sum resonant interactions
by McGoldrick (1965). The point to be made here is that for a fixed value of k;
the sum resonant interactions contribute for k; > 2ik,, and the difference reson-
ant interactions should be active for all k,, except that for gravity waves the other
two components should be in the capillary region and for &, in the capillary region
the contribution will come for components in both the gravity region and in the
capillary region. Thus, in general, viscosity should be important to the energy
transfer for k, both in the gravity region and in the capillary region.

The actual expression used for the computation of the energy flux is given
below:

o 2
08 (ks, 0632 = DA IES(kl, o) S(k,, ag))_ﬂs S(ky, o) Sk, ots)
ot 0 j=1 k, O,
ko )
- k:_(f: Sy, o) S (s, oc3)} dke,
w 2
+2 P A {E S(ky, ) 8(ky, o) — Yy S(key, o) 8k, otg)
0 j=1 ky O,
+ k, Wy, S(ks, oc(zj)) S(k3, 063)} dk,, (4.4)
kywy,
2n0g, 0f | Diz |
where 7@ = { (g + 3Tk3) K ot |sin f| for |eosp| <1,
0 for |eosf| > 1,
20, 0f, | Diy il
and TE) = (g+3T]c§) k%wia ISinﬁl for lOOSﬁ‘ < 1,

0 for |cosp| > 1.

As in the case of gravity waves, the transfer coefficients 7? have integrable
singularities for sin § = 0. The sums in (4.4) over the index j account for the two
possible angular solutions which can oceur owing to the ambiguity in the sign of
B in (4.3). For the sum resonant interactions the integrand has two integrable
singularities for each value of k; except k; = 2tk,, for which there is a single
discontinuity at k, = k,,/2* and the integrand is zero for all other k,. For the
difference resonant interaction the integrand has a single integrable singularity
for each value of k.

The main contribution to the energy transfer is from wave components almost
paralle]l to each other and these components in general have different wave-
numbers, except for difference resonance interactions and for k, = k,,/2%, where
k, =k, /2t and k, = 2}k, and for sum resonant interactions and for k, = 2} £,,,
where k, = ky = k,,[2}.

Numerical results have been obtained from (4.4) with a CDC-3600 machine,
using a variable-interval trapezoidal integration scheme to handle the integrable
singularities at sinf = 0. A minimum interval 10-% x % of %, was used for k,,
and away from the singularities the interval was allowed to increase to 0-1k,,
always keeping the integration error to less than 0-1 9, at each step. The path of
integration was determined from (4.3) for a fixed k,; cos f was determined for
each k, within 0 and 20%,,; we have taken g = 980 cm/s? and T' = 74 cm?/s2.



Nonlinear energy transfer 513

nk
10 +
8-—
6—.
o~ ~ RY(3
2 of ()
3 -
= T
0
< 0
LBO e
e
= 4‘
e 'L
g "o
8 -8
é‘j -
& ~10F
m —
X
g —-12
- B
—14F
.._16._.
»
—18F
-20 -
-2 |
0 1 2 3

kegfkom,

Ficure 1. Energy transfer for a gravity—capillary wave spectrum with different spreading
factors. For the cos*c spreading factor, the energy flux curve has been truncated near the
discontinuity at ky = 28k,,. oty = 0, S(k) = 10-2k—2exp{ — 15 k,,[k}.

In figure 1 the energy flux is shown for various spreading factors for C = 1-5in
the exponential factor of the radial part of the spectrum. As in the case of gravity
waves, see Hasselmann (1963b), the energy transfer is greatest for the most direc-
tive spectrum. The energy flux now has a discontinuity at k; = 24 k,, which is
connected with the instability of 2-44 cm wavelengths. Energy is transferred to
the second harmonic with wavelengths of 1-22 cm; see Pierson & Fife (1961),
MeGoldrick (1965) and Simmons (1969).

The general shape of the energy-transfer curve for gravity—capillary waves is
similar to that found for gravity waves by Hasselmann, except for the dis-
continuity at ky = 24 k,,. Energy is principally redistributed from intermediate
wavenumbers, in our case near k,, toward smaller and larger wavenumbers.
Thus the ‘dip’ in the spectrum for light winds could be a result of the energy
transfer produced by wave-wave resonant interactions. In figure 2, the energy
flux in various directions with respect to the sea spectrum is shown for a cos®«

33 FLM 54



514 G. R. Valenzuela and M. B. Laing

12+
10
8_
Q'E 6-—
= o S(k)
< [
> -
X 2
3 [/
i 0 o
£ [
= L
8 L
3 -op
’&;’9 —
S -8t
2 -
X -0
= -
i
—12
—14 P~
~16 -
_18_ ! ] 1 1 i 1
0 1 2 3

k3lkm

Ficure 2. Energy transfer for a gravity—capillary wave spectrum with cos a* spreading
factor for several directions. S(a) = 2[mcos?a, S(k) = 10-2k~texp{—1-5k,[k}.

spreading factor. For a cross-wind, a; = 90°, the energy flux is positive for all
wavenumbers but quite small, and cannot be drawn on the same scale.

The interaction of a line spectrum with a background continuum can also
be investigated using the results of this formalism. Let the line spectrum F(k)
be approximately represented by a narrow peak at k, and let it be superimposed
on a smooth ‘local sea’ spectrum F(K). If the total energy of this ‘line spectrum’
80U = J.J. F (k) dk, therate of change of energy U can be obtained by integrating
(3.5) over a small region around k,, where we let k; = k,, then

B ==0l[ [eonfon, i)+ o, P80, —on,—oy) i,

+2[7 [ a0 o, for, ) - or, PRS0, — 05, + 00) 2K, (45)
mky| Dbz |2 hg| Dtz 7]
) — s k1, ka2 (=) — $1+"k1, —ka
where a Dok o by g and o ———2,00)3’;3 ik,
The first integral in (4.5) applies for sum resonant interactions, k, +k, = k_,

and the second integral is the contribution from difference resonant interactions,
k,—k; =k, and k, -k, = k_.
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F1eure 3. Decay time 7 for a * line spectrum’ of gravity—capillary waves travelling through
a ‘local’ sea spectrum with different spreading factors. See text.

a, =0, S(k)=10-2k-*exp{—1-5k.,[k}.

The solution of (4.5) is
U = Uo e—t/T, (4.6)

where 771 is given by the integrals in the curly brackets of (4.5).

The interaction time of a line spectrum and a background sea have been ob-
tained for the polar two-dimensional spectrum (4.1); the results are given in
figure 3 as a funetion of spreading factors for C = 1-5 and in figure 4 the intex-
action time is plotted as a function of azimuthal direction with respect to the sea
direction for a cos? a spreading factor. As expected, the interaction times obtained
here are longer than those given by MeGoldrick (1965) for discrete interactions.
For gravity waves, Hasselmann (19635) also found the interaction times to be

33-2
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FicUure 4. Decay time 7 for a ‘line spectrum’ of gravity—capillary waves travelling, in
various directions, through a ‘local’ sea spectrum with a cos?« spreading factor.

S(e) = 2fmeos?a, S(k) = 102k~ exp{—1-5 k,[k}.

greater than those predicted by Phillips (1960) for discrete interactions. The
dependence of the energy flux and the decay time of a line spectrum on the stage
of developmentof the sea is illustrated infigures 5and 6, respectively. Asobserved,
these parameters are quite sensitive to the growth of the sea spectrum; the
applicability of the inviscid results will be discussed in the next section.

5. The effect of viscosity

For discrete resonant interactions McGoldrick (1965) verified that, in the
first approximation, the effect of viscosity is to introduce a damping factor and a
phase change in each wave component participating in the interaction. In
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Ficure 5. Energy transfer for a gravity—capillary wave spectrum in various stages of
development. a; = 0, S(a) = 2[/mcos?a, S(k) = 10~-2k~*exp {— Ck,[k}.

addition, McGoldrick found that viscosity may not be significant for wave-
numbers between 0-7 k,, and about 10£%,, for sum interactions having k, + k, = k;
and wy +wy, = Wy, With ky = k.

However, in the continuous case investigated in the previous sections, the
major contribution to the energy transfer and interaction (decay) time arises
from wave components which are nearly parallel and of different wavenumbers,
in most cases. For example, consider the case of difference interactions in which
k,—k, = k; and, of course, wy, — wy = wy, is also satisfied; in this case, when &y is
in the gravity region both %, and %, may be in the capillary region and for k,in the
capillaryregion k, may also be in the capillary region, with £, in the gravity region.

Thus in the continuous case the effect of viscosity must be investigated anew.
One obvious constraint is that the time constant 7], of viscous damping of the
wave of largest wavenumber participating must be greater than the wave period
T, of the wave of smallest wavenumber. These time constants for the wave
amplitudes are given by T, = (2vk?)-1 (5.1)

and T, = 2m(gk+Tk?) 3, (5.2)
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Ficure 6. Decay time 7 for a* line spectrurn’ of gravity—capillary waves travelling through
a ‘ local’ sea spectrum in various stages of development.

a, =0, S(a) =2/mecos?a, S(k)=10"2k*exp{—Ck,lk}.

where v is the kinematic viscosity. These time constants are shown plotted versus
wavenumber in figure 7. A second constraint for the validity of the inviseid
results is imposed on the interaction (decay) time 27 (the factor of two is neces-
sary because this time constant was defined in terms of energy); this should be
greater than the wave period of the wave component of the smallest wavenumber
participating in the interaction.

The above constraints restrict the validity of the inviscid results for the
energy transfer and decay rates to spectra which are in their initial stages of
development. For this reason, in the numerical results obtained in the previous
section, the maximum energy in the spectra, for the linear approximation for the
sea, was selected to occur at wavenumbers of 0-375k,,, 0-1875k,, and 0-075k,,,
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Ficure 7. Characteristic times of gravity—capillary wave periods (T,,)
and viscous damping (T'). v = 10~%cm?/[s.

respectively. For these spectra the inviscid theory is only applicable for capillary
wave components with wavenumbers up to 3%, or 4k,,.

The numerical results given in the previous section were obtained for integra-
tions of &, from 0 to 20 ,,. However, in an investigation of the separate contribu-
tions it was found that the energy transfer and decay times were negligible for
ky > 4k, fork, > 0-1k,,.For ky = 0-1k,, the energy transfer vanished fork, < 4%,
since for this wavenumber the contribution arises from wavenumbers greater
than 4k,

For cases in which 2r is smaller than the wave period of the gravity wave at
which the maximum energy of the spectrum of the sea occurs, this must be
interpreted physically as a broadening of the spectral peak of the line spectrum
wave rather than a decay of its energy, as was argued by Hasselmann (1963b).

The effect of viscosity on the magnitude of the energy transfer, in first approxi-
mation, may be accounted for by introducing the term

oE|ot = —4viEE. (5.3)
Thus, for large wavenumbers the viscous term should predominate in the energy
flux, and viscosity should serve as an energy sink in the overall balancing process.

Of course, for more exact results, viscosity must be included ab ¢nitio in the
analysis.
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6. Conclusions

We have obtained the energy transfer in gravity—capillary wave spectra using
Hasselmann’s (1962) inviscid perturbation analysis. In our case the resonant
interactions occur at second order because of surface tension. As expected, the
energy is transferred from two active wave components to a third passive wave
component.

The shape of the energy-transfer curve is similar to that found for gravity
waves; energy is transferred from intermediate wavelengths, now in the neigh-
bourhood of 1:7 cm, toward waves of smaller and larger wavelengths. Evident
in the energy-transfer curve is a discontinuity for wavenumbers of 2% k,, which
seems to be connected with the instability of 2-44 cn wavelengths. From the
results obtained, the ‘dip’ in the spectrum found for wavelengths in the neigh-
bourhood of 1-7 em and light winds may be a result of energy transfer because of
wave-wave interactions.

The applicability of the inviscid results for the energy flux and interaction
time for a line spectrum in a ‘background’ sea is determined from the condition
that both the time constant of viscous decay of the wavenumber participating
and the resulting interaction (decay) time be greater than the wave period of the
gravity wave of maximum energy in the spectrum of the sea.

The new results should shed additional light in the growth of the spectrum in its
early stages. In a more exact analysis viscosity should be introduced in a more
formal manner, but the mathematics will be a great deal more complex.

The authors are indebted to Professor Klaus Hasselmann for valuable com-
ments and suggestions during this investigation.
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